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Abstract
The so called k-normal elements appear in the literature as a generalization of
normal elements over finite fields. Recently, questions concerning the construc-
tion of k-normal elements and the existence of k-normal elements that are also
primitive have attracted attention from many authors. In this paper we give
alternative constructions of k-normal elements and, in particular, we obtain a
sieve inequality for the existence of primitive, k-normal elements. As an appli-
cation, we show the existence of primitive k-normal elements for a significant
proportion of k’s in many field extensions. In particular, we prove that there
exist primitive k-normals in Fqn over Fq in the case when k lies in the interval
[1, n/4], n has a special property and q, n ≥ 420.
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1. Introduction
Let Fqn be the finite field with q
n elements, where q is a prime power and n
is a positive integer. We have two special notions of generators in the theory of
finite fields. The multiplicative group F∗qn is cyclic, with q
n − 1 elements, and
any generator is called primitive. Also, Fqn can be regarded as an Fq-vector
space over Fq: its dimension is n and, in particular, Fqn is isomorphic to F
n
q .
An element α ∈ Fqn is said to be normal over Fq if A = {α, α
q, · · · , αq
n−1
}
is a basis of Fqn over Fq: A is frequently called a normal basis. Due to their
high efficiency, normal bases are frequently used in cryptography and computer
algebra systems; sometimes it is also interesting to use normal bases composed
by primitive elements. The Primitive Normal Basis Theorem states that for
any extension field Fqn of Fq, there exists a normal basis composed by primitive
elements; this result was first proved by Lenstra and Schoof [8] and a proof
without the use of a computer was later given in [3].
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Recently, Huczynska et al [7] introduce k-normal elements, extending the
notion of normal elements. There are many equivalent definitions and here we
present the most natural in the sense of vector spaces.
Definition 1.1. For α ∈ Fqn , consider the set Sα = {α, α
q, · · · , αq
n−1
} com-
prising the conjugates of α by the action of the Galois Group of Fqn over Fq.
The element α is said to be k-normal over Fq if the vector space Vα generated
by Sα has dimension n− k, i.e., Vα ⊆ Fqn has co-dimension k.
From definition, 0-normal elements correspond to normal elements in the
usual sense. Also, the concept of k-normal depends strongly on the base field
that we are working. For this reason, unless otherwise stated, α ∈ Fqn is k-
normal if it is k-normal over Fq.
In [7], the authors find a formula for the number of k-normals and, conse-
quently, obtain some results on the density of these elements. Motivated by the
Primitive Normal Basis Theorem, they obtain an existence result on primitive,
1-normal elements.
Theorem 1.2 ([7], Theorem 5.10). Let q = pe be a prime power and n a
positive integer not divisible by p. Assume that n ≥ 6 if q ≥ 11 and that n ≥ 3
if 3 ≤ q ≤ 9. Then there exists a primitive 1-normal element of Fqn over Fq.
In [12], we explore some ideas of [7] and, in particular, we obtain a charac-
terization of k-normals in the case when n is not divisible by p. In the same
paper, we find some asymptotic results on the existence of k-normal elements
that are primitive or have a reasonable high multiplicative order. In [1], the au-
thor obtains alternative characterizations of k-normals via some recursive con-
structions and, in particular, he presents a method for constructing 1-normal
elements in even characteristic. Recently, Theorem 1.2 was extended to arbi-
trary n ≥ 3 (see [13]), where the authors use many techniques for completing
the case gcd(n, p) = 1 and extending this existence result to the case when n is
divisible by p.
In this paper we deal with the general question concerning the existence of
primitive, k-normal elements. We introduce a particular class of k-normal ele-
ments, obtained from normal elements, that removes the pertinent obstruction
n ≡ 0 (mod p). In particular, we obtain a character sum formula, derived from
the Lenstra-Schoof method, for the number of certain primitive k-normals. As
an application, we obtain some existence results on primitive k-normals in spe-
cial extensions of Fq. We also extend some results of [13] to k-normal elements.
2. Preliminaries
Here we introduce some basic definitions related to the k-normal elements,
adding some recent results. We start with some arithmetic functions and their
polynomial version.
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Definition 2.1. (a) Let f(x) be a monic polynomial with coefficients in Fq.
The Euler Phi Function for polynomials over Fq is given by
Φ(f) =
∣∣∣∣
(
Fq[x]
〈f〉
)∗∣∣∣∣ ,
where 〈f〉 is the ideal generated by f(x) in Fq[x].
(b) If t is a positive integer (or a monic polynomial over Fq), W (t) denotes the
number of square-free (monic) divisors of t.
(c) If f(x) is a monic polynomial with coefficients in Fq, the Polynomial Mobius
Function µq is given by µq(f) = 0 is f is not square-free and µq(f) = (−1)
r
if f writes as a product of r distinct irreducible factors over Fq.
2.1. q-polynomials and k-normals
For f ∈ Fq[x], f =
∑s
i=0 aix
i, we set Lf(x) =
∑s
i=0 aix
qi as the q-associate
of f . Also, for α ∈ Fqn , we set f ◦ α = Lf(α) =
∑s
i=0 aiα
qi .
As follows, we have some basic properties of the q-associates:
Lemma 2.2. ([9], Theorem 3.62) Let f, g ∈ Fq[x]. The following hold:
(i) Lf (Lg(x)) = Lfg(x),
(ii) Lf (x) + Lg(x) = Lf+g(x).
For α ∈ Fqn , we define Iα as the subset of Fq[x] comprising the polynomials
f(x) for which f(x) ◦ α = 0, i.e., Lf(α) = 0. Notice that x
n − 1 ∈ Iα and,
from the previous Lemma, it can be verified that Iα is an ideal of Fq[x], hence
Iα is generated by a polynomial mα(x). We can suppose mα(x) monic. The
polynomial mα(x) is defined as the Fq-order of α. This is a dual definition of
multiplicative order in F∗qn .
Clearly mα(x) is always a divisor of x
n − 1, hence its degree is j for some
0 ≤ j ≤ n. Notice that j = 0 if and only if mα(x) = 1, i.e., α = 0. The following
result shows a connection between k-normal elements and their Fq-order.
Proposition 2.3. ([7], Theorem 3.2) Let α ∈ Fqn . Then α is k-normal if and
only if mα(x) has degree n− k.
In particular, an element α is normal if and only if mα(x) = x
n − 1. We
see that the existence of k-normals depends on the existence of a polynomial
of degree n − k dividing xn − 1 over Fq; as follows, we have a formula for the
number of k-normal elements.
Lemma 2.4. ([7], Theorem 3.5) The number Nk of k−normal elements of Fqn
over Fq is given by
Nk =
∑
h|xn−1
deg(h)=n−k
Φ(h), (1)
where the divisors are monic and polynomial division is over Fq.
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One of the main steps in the proof of the result above is the fact that, for
each monic divisor f(x) of xn − 1, there exists Φq(f(x)) elements α ∈ Fqn for
which mα(x) = f(x). This fact will be further used in this paper.
Since x
n−1
x−1 divides x
n − 1, there are 1-normal elements over any finite field
extension. However, the sum in equality (1) can be empty: for instance, if q = 5
and n = 7:
x7 − 1 = (x− 1)(x6 + x5 + x4 + x3 + x2 + x+ 1)
is the factorization of x7−1 into irreducible factors over F5. In particular, there
are no 2, 3, 4 or 5-normal elements of F57 over F5. More generally, if n is a
prime and q is primitive mod n, xn − 1 factors as (x− 1)(xn−1 + · · ·+ x+ 1)
and we do not have k-normal elements for any 1 < k < n− 1. The existence of
k-normals is not guaranteed for generic values of k.
As follows, we may construct k-normal elements from a given normal ele-
ment.
Lemma 2.5. Let β ∈ Fqn be a normal element over Fq and f(x) be a polynomial
of degree k such that f(x) divides xn − 1. Then α = f(x) ◦ β is k-normal.
Proof. We prove that mα(x) =
xn−1
f(x) and this implies the desired result. Notice
that x
n−1
f(x) ◦ α =
xn−1
f(x) ◦ (f(x) ◦ β) = (x
n − 1) ◦ β = 0, hence mα(x) divides
xn−1
f(x) . It cannot divide strictly because mβ(x) = x
n − 1 and this completes the
proof.
In particular, we have a method for constructing k-normal elements when
they exist: if we find a divisor f(x) of xn − 1 of degree k and a normal element
β ∈ Fqn , the element α = f(x) ◦ β is k-normal. There are many ways of finding
normal elements in finite field extensions, including constructive and random
methods; this is a classical topic in the theory of finite fields and the reader can
easily find a wide variety of papers regarding those methods. For instance, see
[6].
2.2. A characteristic equation for elements with prescribed Fq-order
We have noticed that we may construct k-normal elements from the normal
elements. However, it is not guaranteed that this method describes every k-
normal in Fqn . For a polynomial f dividing x
n − 1, set
Ψf(x) =
∏
mα=f(x)
(x− α),
the polynomial of least degree that vanishes in every element α ∈ Fqn with
mα = f(x). Clearly mα = f if and only if Ψf(α) = 0. Also, for f(x) ∈ Fq[x]
and α ∈ Fqn , we have f(x) ◦ α = Lf (α) = 0 if and only if mα divides f(x). In
particular, this shows that Lf (x) =
∏
g|f Ψg(x). This identity is similar to the
one describing cyclotomic polynomials
xn − 1 =
∏
n|d
Φd(x).
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From the Mobius Inversion formula, we may deduce Φd(x) =
∏
r|d(x
r−1)µ(d/r).
This last equality describes the elements of multiplicative order d in finite fields.
Motivated by this characterization, we obtain the following:
Proposition 2.6. Let f(x) be any divisor of xn − 1 over Fq. The following
holds:
Ψf (x) =
∏
g|f
Lg(x)
µq(f/g), (2)
where g is monic and polynomial division is over Fq.
Proof. Notice that ∏
g|f
Lg(x)
µq(f/g) =
∏
g|f
Lf/g(x)
µq(g),
and, from Lf/g(x) =
∏
h|f/g Ψh(x), we obtain∏
g|f
Lf/g(x)
µq(g) =
∏
h|f
Ψh(x)
∑
g|f/h µq(g).
Writing f/h as product of irreducibles over Fq, we can easily see that
∑
g|f/h
µq(g) =
{
1 if f/h = 1,
0 otherwise.
.
This shows that ∏
g|f
Lg(x)
µq(f/g) = Ψf(x).
In particular, if we set
Λk(x) =
∏
f|xn−1
deg f=n−k
Ψf(x),
an element α ∈ Fqn is k-normal if and only if Λk(α) = 0. For instance, we may
characterize the normal elements in Fqn : an element α ∈ Fqn is normal if and
only if Λ0(α) = 0, where
Λ0(x) = Ψxn−1(x) =
∏
g|xn−1
Lg(x)
µq(x
n−1/g).
Example 2.7. Suppose that q ≡ 3 (mod 4) and n = 4. Then Λ0(x) =
xq
4−1−1
(xq2−1+1)(xq2−1−1)
=
∑ q2−1
2
i=0 x
2i(q2−1). Hence, α ∈ Fq4 is normal if and only
if
q2−1
2∑
i=0
α2i(q
2−1) = 0.
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In general, we have shown that the k-normals can be described as the zeroes
of a univariate polynomial over Fq; this polynomial can be computed from the
factorization of xn − 1 over Fq.
2.3. Some recent results
The proof of Theorem 1.2 is based in an application of the Lenstra-Schoof
method, introduced in [8]; this method has been used frequently in the character-
ization of elements in finite fields with particular properties like being primitive,
normal and of zero-trace. In particular, from Corollary 5.8 of [7], we can easily
deduce the following:
Lemma 2.8. Suppose that q is a power of a prime p, n ≥ 2 is a positive integer
not divisible by p and T (x) = x
n−1
x−1 . If
W (T ) ·W (qn − 1) < qn/2−1, (3)
there exist primitive, 1-normal elements of Fqn over Fq.
Inequality (3) is an essential step in the proof of Theorem 1.2 and it was
studied in [4]; if n ≥ 6 for q ≥ 11 and n ≥ 3 for 3 ≤ q ≤ 9, this inequality holds
for all but a finite number of pairs (q, n).
In [7], the authors propose an extension of the Theorem 1.2 for all pairs
(q, n) with n ≥ 3 as a problem ([7], Problem 6.2); they conjectured that such
elements always exist. This was recently proved in [13], where the authors use
many different techniques to complete Theorem 1.2 in the case gcd(n, p) = 1
and add the case when p divides n.
In particular, when n is divisible by p2, they obtain the following:
Lemma 2.9. ([13], Lemma 5.2) Suppose that Fq has characteristic p and let
n = p2s for any s ≥ 1. Then α ∈ Fqn is such that mα(x) =
xn−1
x−1 if and only if
β = Trqn/qps(α) =
∑p
i=0 α
qpsi satisfies mβ(x) =
xps−1
x−1 .
Using the well-known result on the existence of primitive elements with
prescribed trace due to Cohen (see [5]), they prove the existence of primitive
1-normals in the case when p2 divides n. The case n = ps with gcd(p, s) = 1 is
dealt in a similar way of [7].
As follows, we have a generalization of Lemma 2.9.
Lemma 2.10. ([13], Lemma 5.2) Suppose that Fq has characteristic p and let
n = p2s for any s ≥ 1. Also, let f(x) be a polynomial dividing xs − 1. Then
α ∈ Fqn is such that mα(x) =
xn−1
f(x) if and only if β = Trqn/qps(α) =
∑p−1
i=0 α
qpsi
satisfies mβ(x) =
xps−1
f(x) .
The proof is entirely similar to the proof of Lemma 2.9 (see [13]) so we will
omit. Motivated by Theorem 5.3 of [13], we have the following.
Theorem 2.11. Suppose that n = p2 · s and xs − 1 is divisible by a polynomial
of degree k. Then there exists a primitive, k-normal element over Fq.
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Proof. Let f(x) be a polynomial of degree k such that f(x) divides xs − 1. In
particular, f(x) divides xps − 1, i.e., g(x) = x
ps−1
f(x) is a polynomial. Since g(x)
divides xps − 1, we know that there exists an element β ∈ Fqps such that the
Fq-order mβ(x) of β is g(x). Clearly g(x) 6= 1, hence β 6= 0. According to [5],
there exists a primitive element α ∈ Fqn such that Trqn/qps(α) = β and then,
from Lemma 2.10, it follows that such an α satisfies mα =
xn−1
f(x) , i.e., α is a
primitive, k-normal element.
3. Characteristic function for a class of primitive k-normals
In this section, we use the method of Lenstra and Schoof in the characteri-
zation of primitive and normal elements. This method has been used by many
different authors in a wide variety of existence problems. For this reason, we
skip some details, which can be found in [3]. We recall the notion of freeness.
Definition 3.1. 1. If m divides qn − 1, an element α ∈ F∗qn is said to be
m-free if α = βd for any divisor d of m implies d = 1.
2. If m(x) divides xn − 1, an element α ∈ Fqn is m(x)-free if α = h ◦ β for
any divisor h(x) of m(x) implies h = 1.
It follows from definition that primitive elements correspond to the (qn−1)-
free elements. Also, α ∈ Fqn is normal if and only if is (x
n − 1)-free. The
concept of freeness derives some characteristic functions for primitive and nor-
mal elements. We pick the notation of [7].
Multiplicative Part:
∫
d|m
ηd denotes
∑
d|m
µ(d)
ϕ(d)
∑
(d) ηd, where µ and ϕ are
the Mobius and Euler functions for integers, respectively, ηd is a typical multi-
plicative character of Fqn of order d, and the sum
∑
(d) ηd runs through all the
multiplicative characters of order d.
Additive Part: χ denotes the canonical additive character on Fqn , i.e.
χ(ω) = λ
(
n−1∑
i=0
ωq
i
)
, ω ∈ Fqn ,
where λ is the canonical additive character of Fq to Fp. If D is a monic polyno-
mial dividing xn − 1 over Fq, a typical character χ∗ of Fqn of Fq-order D is one
such that χ∗(D ◦
q ·) is the trivial additive character in Fqn and D is minimal
(in terms of degree) with this property. Let ∆D be the set of all δ ∈ Fqn such
that χδ has Fq-order D, where χδ(ω) = χ(δω) for any ω ∈ Fqn . For instance,
∆1 = {0} and ∆x−1 = F
∗
q .
In the same way of the multiplicative part,
∫
D|T
χδD denotes the sum
∑
D|T
µq(D)
Φ(D)
∑
(δD)
χδD ,
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where µq and Φ are the Mobius and Euler functions for polynomials over Fq,
respectively, χδD denotes a typical additive character of Fqn of Fq-Order D and
the sum
∑
(δD)
χδD runs through all the additive characters whose Fq-order
equals D, i.e., δD ∈ ∆D.
For t dividing qn−1 andD dividing xn−1, set θ(t) = ϕ(t)t and Θ(D) =
Φ(D)
qdegD
.
Theorem 3.2. [7, Section 5.2]
1. For w ∈ F∗qn and t be a positive divisor of q
n − 1,
ωt(w) = θ(t)
∫
d|t
ηd(w) =
{
1 if w is t-free,
0 otherwise.
2. For w ∈ Fqn and D be a monic divisor of x
n − 1,
ΩD(w) = Θ(D)
∫
E|D
χδE (w) =
{
1 if w is D-free,
0 otherwise.
In particular, for t = qn − 1 and D = xn − 1, we obtain characteristic
functions for primitive and normal elements, respectively. We write ωqn−1 = ω
and Ωxn−1 = Ω. As usual, we may extend the multiplicative characters to 0 by
setting η1(0) = 1, where η1 is the trivial multiplicative character and η(0) = 0
if η is not trivial.
We have seen that some k-normals arise from a normal element β via the
composition f(x) ◦ β, where f(x) is a divisor of xn − 1, deg f = k; more than
that, α = f(x) ◦ β satisfies mα =
xn−1
f(x) . In particular, we may obtain the
characteristic function for the primitive elements arising from this construction:
note that Ω(w) ·ω(Lf (w)) = 1 if and only if w is normal and Lf (w) = f(x)◦w is
primitive. This characteristic function describes a particular class of primitive
k-normal elements. The following is straightforward.
Proposition 3.3. Let f(x) be a divisor of xn − 1 of degree k and nf be the
number of primitive elements of the form f(x)◦α, where α is a normal element.
The following holds:
nf
θ(qn − 1)Θ(xn − 1)
=
∑
w∈Fqn
∫
d|qn−1
∫
D|xn−1
ηd(Lf (w))χδD (w). (4)
In particular, the number of primitive, k-normal elements in Fqn is at least nf .
3.1. Character sums and a sieve inequality
Here we make some estimates for the character sums that appear naturally
from Eq. (4): note that ηd is the trivial multiplicative character if and only if
d = 1. Also, χδD is the trivial additive character if and only if δD = 0, i.e.,
D = 1.
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As usual, we split the sum in Eq. (4) as Gauss sums types, according to the
trivial and non-trivial characters. For each d dividing qn − 1 and D dividing
xn − 1, set Gf (ηd, χδD ) =
∑
w∈Fqn
ηd(Lf (w))χδD (w).
Note that, from Proposition 3.3,
nf
θ(qn − 1)Θ(xn − 1)
= s0 + S1 + S2 + S3,
where s0 = Gf (η1, χ0), S1 =
∫
D|xn−1
D 6=1
Gf (η1, χδD ), S2 =
∫
d|qn−1
d 6=1
Gf (ηd, χ0) and
S3 =
∫
d|qn−1
d 6=1
∫
D|xn−1
D 6=1
Gf (ηd, χδD ).
From definition, s0 = q
n. Also, note that
Gf (η1, χδD) =
∑
w∈Fqn
η1(Lf (w))χδD (w) =
∑
w∈Fqn
χδD (w) = 0,
for any divisor D of xn−1 with D 6= 1. In particular, S1 = 0. For the quantities
S2 and S3, we use some general bounds on character sums.
Lemma 3.4. ([9], Theorem 5.41) Let η be a multiplicative character of Fqn of
order r > 1 and f ∈ Fqn [x] be a monic polynomial of positive degree such that f
is not of the form g(x)r for some g ∈ Fqn [x] with degree at least 1. Suppose that
e is the number of distinct roots of f in its splitting field over Fqn . For every
a ∈ Fqn , ∣∣∣∣∣∣
∑
c∈Fqn
η(af(c))
∣∣∣∣∣∣ ≤ (e − 1)qn/2.
Lemma 3.5. ([2]) Let η be a non trivial multiplicative character of order r and
χ be a nontrivial additive character of Fqn . Let f and g be rational functions
in Fqn(x) such that f is not of the form y · h
r for any y ∈ Fqn and h ∈ Fqn(x),
and g is not of the form hp − h+ y for any y ∈ Fqn and h ≥ Fqn(x). Then,∣∣∣∣∣∣
∑
w∈Fqn\S
η(f(w)) · χ(g(w))
∣∣∣∣∣∣ ≤ (deg(g)∞ +m+m′ −m′′ − 2)qn/2,
where S is the set of poles of f and g, (g)∞ is the pole divisor of g, m is the
number of distinct zeros and finite poles of f in the algebraic closure Fq of Fq,
m′ is the number of distinct poles of g (including ∞) and m′′ is the number of
finite poles of f that are poles or zeros of g.
Write f(x) =
∑k
i=0 aix
i. Note that, since Lf is a q-polynomial, its formal
derivative equals a0. In particular, Lf does not have repeated roots, hence
cannot be of the form y · g(x)r for some r > 1.
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Also, if f(x) divides xn−1 and has degree k, we know that Lf = 0 has exactly
qk roots over Fqn ; these roots describe a k-dimensional Fq-vector subspace of
Fqn . Finally, notice that g(x) = x cannot be written as h
p − h − y for any
rational function h ∈ Fqn(x) and y ∈ Fqn . From Lemma 3.4 we conclude that,
for d > 1 a divisor of qn − 1,
|Gf (ηd, χ0)| =
∣∣∣∣∣∣
∑
c∈Fqn
ηd(Lf (c))
∣∣∣∣∣∣ ≤ (qk − 1)qn/2.
From Lemma 3.5, it follows that, for any D divisor of xn− 1 and d a divisor
of qn − 1, with D, d 6= 1,
|Gf (ηd, χδD)| =
∣∣∣∣∣∣
∑
w∈Fqn
ηd(Lf (w))χδD (w)
∣∣∣∣∣∣ ≤ (1 + qk + 1− 0− 2)qn/2 = qn/2+k.
Combining all the previous bounds, we obtain the following:
Theorem 3.6. Let f(x) be a divisor of xn − 1 of degree k and let nf be the
number of primitive elements of the form f(x)◦α, where α is a normal element.
The following holds:
nf
θ(qn − 1)Θ(xn − 1)
> qn − qn/2+kW (qn − 1)W (xn − 1).
In particular, if
qn/2−k ≥W (qn − 1)W (xn − 1), (5)
then there exist primitive k-normal elements in Fqn .
Proof. We have seen that
nf
θ(qn−1)Θ(xn−1) = s0 + S1 + S2 + S3 = q
n + S2 + S3.
In particular,
nf
θ(qn − 1)Θ(xn − 1)
≥ qn − |S2| − |S3|.
Applying estimates to the sums S2, S3, we obtain
|S2| ≤ (W (q
n − 1)− 1)(qk − 1)qn/2
and |S3| ≤ (W (q
n − 1)− 1)(W (xn − 1)− 1)qn/2+k, hence
|S1|+ |S2| < q
n/2+kW (qn − 1)W (xn − 1).
In particular, if Eq. (5) holds, nf > 0 and we know that the number of primitive
k-normals is at least nf . This completes the proof.
Notice that Eq. (5) generalizes the sieve inequality in Lemma 2.8.
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4. Existence of primitive k-normals
In this section, we discuss the existence of primitive k-normals in some spe-
cial extensions of Fq. Essentially, we explore the sieve inequality present in
Theorem 3.6 and the result contained in Theorem 2.11.
We have seen that the existence of k-normals is not always ensured for generic
values of 1 < k < n− 1: from Lemma 2.4, the number of k-normals is strongly
related to the factorization of xn − 1 over Fq. This motivates us to introduce
the concept of practical numbers.
Definition 4.1. (Practical numbers) A positive integer n is said to be Fq-
practical if, for any 1 ≤ k ≤ n − 1, xn − 1 is divisible by a polynomial of
degree k over Fq.
Notice that, if n is Fq-practical, there exist k-normals in Fqn for any 1 < k <
n−1. This definition arises from the so called ϕ-practical numbers: they are the
positive integers n for which xn− 1 ∈ Z[x] is divisible by a polynomial of degree
k for any 1 ≤ k ≤ n − 1. These ϕ-practical numbers have been extensively
studied in many aspects, such as their density over N and their asymptotic
number. In particular, if s(t) denotes the number of ϕ-practical numbers up to
t, according to [11], there exists a constant C > 0 such that lim
t→∞
s(t)·log t
t = C.
This shows that the ϕ-practical numbers behaves like the primes on integers
and, in particular, their density in N is zero.
Notice that the factorization of xn− 1 over Z also holds over any finite field:
we take the coefficients (mod p) and recall that Fp ⊆ Fq. This shows that
any ϕ-practical number is also Fq-practical. In particular, the number of Fq-
practicals up to t has growth at least Ctlog t . The exact growth of the number of
Fq-practicals is still an open problem. However, we can find infinite families of
such numbers.
Proposition 4.2. ([12], Theorem 4.4) Let q be a power of a prime p and let n
be a positive integer such that every prime divisor of n divides p(q − 1). Then
n is Fq-practical.
From Theorem 2.11, we obtain the following.
Corollary 4.3. Let n = p2s, where s is an Fq-practical number. Then, for any
1 ≤ k ≤ s, there exists a primitive, k-normal element of Fqn .
The previous corollary ensures the existence of primitive k-normals for k
in the interval [1, np2 ]. This corresponds to a proportion close to 1/p
2 of the
possible values of k.
In the rest of this paper, we explore Eq. (5) in extensions of degree n, where
n is an Fq-practical number. Essentially, we obtain effective bounds on the
functions W (xn − 1) and W (qn − 1).
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4.1. Some estimates for the square-free divisors counting
Here we obtain some estimates on the functions W (qn − 1) and W (xn − 1).
We start with some general bounds. The bound W (xn − 1) ≤ 2n = qn logq 2 is
trivial. Also, we have a general bound for W (qn − 1): if d(qn − 1) denotes the
number of divisors of qn− 1, W (qn− 1) ≤ d(qn− 1). For the number of divisors
function, we have the following.
Lemma 4.4. If d(m) denotes the number of divisors of m, then for all m ≥ 3,
d(m) ≤ m
1.5379 log 2
log logm < m
1.06
log logm .
Proof. This inequality is a direct consequence of the result in [10].
In particular, we can easily obtain W (qn − 1) < q
1.06n
log log(qn−1) . We now study
the special case when n is a power of two.
Lemma 4.5. Suppose that q is odd. For any i ≥ 1, if r0 is an odd prime that
divides q2
i
+ 1 , then r0 ≡ 1 (mod 2
i+1).
Proof. Let l be the least positive integer such that ql ≡ 1 (mod r0). Clearly l
divides ϕ(r0) = r0−1. Also, r0 divides q
2i+1 −1 but not q2
i
−1, it follows that l
divides 2i+1 but not 2i. This shows that 2i+1 = l, hence 2i+1 divides r0−1.
In particular, we obtain the following.
Proposition 4.6. For any q ≥ 3 odd and t ≥ 2,
W (q2
t
− 1) < 2q
2t
t−1 . (6)
Proof. For 1 ≤ i < t − 1, set di = q
2i + 1. Note that W (q2
t
− 1) ≤ W (q2 −
1) ·
∏t−1
i=2 W (di/2). For a fixed 2 ≤ i ≤ t, let s1 < · · · < sd(i) be the distinct
odd primes that divide di. Clearly W (di/2) = 2
d(i). As we have seen, sj ≡ 1
(mod 2i+1), hence sj > 2
i+1 and then
di > s1 · · · sd(i) > 2
(i+1)·d(i),
hence 2d(i) < q
2i
i+1 . It follows by induction that
∑t−1
i=1
2i
i+1 ≤
2t
t−1 − 1 for t ≥ 2.
Moreover, we have the trivial bound W (q2 − 1) < 2q. This completes the
proof.
4.2. Applications of Theorem 3.6
The following is straightforward.
Proposition 4.7. Let n be an Fq-practical number. If k is a positive integer
such that
k ≤ n ·
(
1
2
−
1.06
log log(qn − 1)
−
log 2
log q
)
,
there exist primitive k-normals in Fqn .
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For h(n, q) = 12 −
1.06
log log(qn−1) −
log 2
log q , we have limq→∞
h(n, q) = 1/2 uniformly
on n. In particular, given ε > 0, for q sufficiently large, we can guarantee the
existence of k-normals in the interval [1, (12 − ε)n] in the case when n is Fq-
practical. In general, the bounds on character sums over Fqn yield the factor
qn/2. In particular, this result is somehow sharp based on our character sums
estimates. However, h(n, q) goes to 1/2 slowly and we do not have much control
on n, since we are assuming that n is Fq-practical. Far from the extreme n/2,
we have effective results:
Corollary 4.8. Let q ≥ 420 be a power of a prime and let n ≥ 420 be an
Fq-practical number. For any k ∈ [1, n/4], there exist primitive k-normals in
Fqn .
Proof. Note that h(n, q) is an increasing function on q and n. Also, h(420, 420) >
1/4 and the result follows.
The previous corollary gives a wide class of extensions having primitive k-
normals in the interval [1, n/4]; for instance, we can consider n = rt, t ≥ 1,
where r ≥ 420 is a prime dividing q − 1. In the special case when n is a power
of two, we obtain the following.
Corollary 4.9. Set n = 2t, t ≥ 2 and let q be a power of a prime. Additionally,
suppose that t ≥ 9 and q ≥ 259 if q is odd. Then, for k ∈ [1, n/4], there exist
primitive k-normal elements in Fqn .
Proof. Since 2 always divides p(q − 1), from Proposition 4.2, 2t is Fq-practical.
For q even, the result follows from Corollary 4.3. Suppose that q is odd. Ac-
cording to Proposition 4.6, W (q2
t
− 1) < 2q
2t
t−1 and we have the trivial bound
W (x2
t
− 1) ≤ 22
t
. We can verify that, for t ≥ 9 and q ≥ 259, 22
t+1q
2t
t−1 ≤ q2
t/4
and the result follows from Theorem 3.6.
5. Conclusions and an additional remark
In this paper we have discussed the existence of primitive k-normal elements
over finite fields. We recall some recent results on 1-normal elements and par-
tially extend them to more general k-normals. In particular, we obtain a sieve
inequality for the existence of primitive k-normal elements in extension fields
that contains k-normals. As an application, we give some families of pairs (q, n)
for which we can guarantee the existence of k-normals in Fqn for k ∈ [1, n/4]:
this corresponds to the first quarter of the possible values of k. For q large
enough, we can extend the range of k to [1, (1/2 − ε)n], where ε is close to 0:
in other words, we can asymptotically reach the first half of the interval [1, n].
As we have pointed out, the typical bounds for our character sums always have
the component qn/2 and, for this reason, in order to obtain results on primitive
k-normals for k ∈ [n/2, n], we need methods beyond the approach of Lenstra
and Schoof or even better character sums estimates.
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Here we make a brief discussion on the existence of primitive k-normals for
k in the other extreme, i.e., k close to n. We recall that 0 ∈ Fqn is the only
n-normal element. Also, as pointed out in [7], there do no exist primitive (n−1)-
normals in Fqn : in particular, a primitive element and its conjugates cannot all
lie in a “line”.
For the special case k = n − 2 and n > 2, we consider the following: set
q = p a prime, n = p and let a be a primitive element of Fp. It can be verified
that f(x) = xp − x − a is irreducible over Fp and any root α ∈ Fpp of f(x)
satisfies (x − 1)2 ◦ α = 0, i.e., α is (n − 2)-normal. It is conjectured that such
an α is always a primitive element of Fpp . This conjecture is verified for every
p ≤ 100 and some few primes p > 100. If this conjecture is true, we obtain an
interesting example of a primitive element α of “low normalcy” (in the sense
that α and their conjugates generates an Fq-vector space of low dimension).
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